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Abstract—Social networks are increasingly used today and
their influence competes with well-established media outlets
such as television and radio. The problem that we address in
this paper is determining efficiently a good approximation of
the network minimum d-hop dominating set. For this, we
extend three existing dominating set algorithms to the context
of d-hop dominating set problem and we perform a series of
experiments on both real and synthetic data using these
algorithms. For algorithms extension, we generate the d-closure
of the network before applying the existing algorithms to
determine good approximations to the d-hop dominating set
problem. For experiments, we use several real networks
datasets made available by the Stanford Network Analysis
Project and we also generate synthetic networks using both
random and power-law models. Our experiments show that the
selected algorithms can efficiently find quality approximations
for the minimum-size d-hop dominating set problem. The best
algorithm choice is dependent on the network characteristics
and the order of importance between the size of the d-hop
dominating set and the time required to determine such a set.

I. INTRODUCTION

OCIAL networks are increasingly used today and their

influence competes with well-established media outlets
such as television and radio. For instance, social networks
are used extensively for political campaigns such as United
States 2016 republican and democratic primaries [20]. Even
in authoritarian regimes social networks have an increasing
influence over the population and they are used to increase
the political awareness of users in such countries [18]. As a
result, social networks are extensively studied in order to
find methods to maximize such influences.

One problem that was extensively studied in the literature
is determining efficiently the network minimum dominating
set. We formalize this problem as follows. For ¢ = (%, ),
where Vis the set of nodes and £ is the set of edges, a set of
nodes OS < Nis called a dominating set in G if every node x
€ Nis either in @S or is adjacent to a node in DS [3]. A
dominating set with the smallest size is called minimum
dominating set (MDS). This problem has been shown to be
an NP-complete problem [10], and various approximation
algorithms have been proposed in order to obtain dominating
sets close in size to the minimum dominating set [6, 9, 14,
16, 17].

In some networks dominating sets tend to be large and it
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will be enough if every node is not by the immediate
neighbor but by node that lies at a distance of at most d from
the original node. This modified domination problem was
already introduced in the literature in the context of wireless
networks [1]. Formally, a set #DS of nodes from G = (N, E)
is called a d-hop dominating set if every node x € N is
either in #DS or there is a path between x and a node in HDS
of size at most d. A d-hop dominating set with the smallest
size is called minimum d-hop dominating set (MHDS).
Similarly to the original dominating set problem,
determining MHDS is an NP-complete problem [1].

While the general minimum dominating set has received a
lot of attention, there are fewer researchers that addressed
the d-hop dominating set problems. As already mentioned
before, this problem was introduced in [1] in order to
determine the clusterheads in a wireless network. A local
heuristic algorithm has been introduced to determine such
clusterheads based on local cooperation between wireless
nodes [1]. Newer distributed algorithms for producing a d-
hop dominating set in a wireless network were analyzed in
the wireless networks community [13, 19]. Outside wireless
networking field, this problem is also analyzed from a
specific graph model (directed graph with indegree bounded
by one) in [2]. In the social networking context the closest
work we are aware of is the problem of viral marketing
where a d-hop dominating set can be seen as the subset of
vertices that can activate all vertices in the network within at
most d rounds [8]. Variants of d-hop dominating set problem
also exists such as d-hop k-dominating set, connected d-hop
dominating set, and connected d-hop k-dominating set [21].

Our contributions to this paper are to extend three
dominating set algorithms from [6] to the context of d-hop
dominating set problem and to perform a series of
experiments on both real and synthetic data. For the first
contribution, we use the d-closure of the social network [19]
(see complete presentation in Section II) in order to apply
the existing algorithms to determine good approximations to
the dominating set problem. For experiments, we used
several real networks datasets made available by the
Stanford Network Analysis Project [10] and we also
generated synthetic networks using both random and power-
law models.

The remaining of this paper is structured as follows.
Section II presents the three algorithms that are used in this
paper. Section III describes the social networks used in our
experiments the results of our experiments. Section IV
presents conclusions and future work directions.



II. D-HOP DOMINATING SETS ALGORITHMS

For a social network G = (%, E), where % is the set of
nodes and £ is the set of edges, we construct the network Gs
= (N, Eq), where E= {(x,y) | d (x,y) <dand x # y} and &
(x, y) represents the distance from the original network ¢
between vertices x and y. The network Gy is called the d-
closure of G [19]. We illustrate in Fig. 1 a network and its 2-
closure. The newly added edges are represented by red
dashed lines.

Fig. 1. A network G and its 2-closure, G». The original edges from
G are dark blue and the newly added edges in G, are dashed red.

Based on the above construction, it is trivial to notice that
any dominating set in Gy is a d-hop dominating set in G, thus
we can determine a d-hop dominating set in two easy steps.
First, we construct the d-closure of the original network, and
second we apply any existing dominating set algorithm to
the newly created G, network.

We use in this paper three algorithms for efficiently
finding a close approximation to the minimum d-hop
dominating set problem. These algorithms were presented in
[6] for the general dominating set problem and we briefly
describe them in the following paragraphs. We also include
in these algorithms the creation of the d-closure network.

After the generation of the Gy network, the first algorithm
(Alg. 1) selects in a for loop one node that covers the
maximum number of currently uncovered nodes in the
network. To determine if the nodes are in the dominating set,
covered by a node in the dominating set, or not yet covered,
we use a coloring scheme. Namely, nodes in the dominating
set are colored as black, nodes covered by existing nodes in
the dominating set are gray, and the remaining nodes are
white. "{x) denotes the set of white nodes among the direct
neighbors of x, including x itself.

Alg. 1 (g, #DS) is
Input: G = (N, E) - a social network;
d - the d-hop parameter;
Output : #DS - a d-hop dominating set for G;

Create Gq = (M €4 - the d-closure of G.
HDS = D;
while [J white nodes in G4 do
choose v [l {x I ¥ | w(x) = max 4
HDS:= HDS v {v };
For all neighbors x of v in Gu
Color x as gray;
End for;
// Delete the vertex v and its adjacent edges.

N W) |};

Ga = (M\{v}, B \{(x, ») U Bl x=wory=mwv});
end while;
end Alg. 1.

In the second algorithm (A4lg. 2) after the d-closure
generation Gy, we aim to improve the running time of Alg. 1
by removing both the black and gray nodes from the
remaining network. In this algorithm the use of node
coloring is no longer useful. The degree function represents
the number of adjacent nodes in the d-closure network. Its
pseudocode is shown below:

Alg. 2 (G, HDS) is
Input: G = (N, E) - a social network;
d - the d-hop parameter;
Output : H#DS - a d-hop dominating set for G;
Create Gq = (% Es) - the d-closure of G.
HDS = D;
while ¥ # & do
choose v [ {x [ N |
degree(x) = max 4
HDS:= HDS v {v };
// Delete w, Neighbors({v}), and their edges.
// The remaining edges are labeled E’

« (degree(u))};

Ga = (N \{v}\ Neighbors({v},E’) ;
end while;
end Alg. 2.

In the last algorithm (Alg. 3) after the d-closure generation
Ga, we consider the nodes in %'in non-increasing order of the
degree (again from the d-closure network) vi, va, ..., v|x),
with degree(v1) > degree(vz) > ... > degree(v| »|). We pick
the smallest i such that |Ujs; Neighbors (v)| = |N| and we
take the subset {vi, vs, ..., v} to be the d-hop dominating set
of the graph. From this set we exclude those v nodes for
which Neighbors (v;) < \Uj<; Neighbors (v). The pseudocode
is presented next:

Alg. 3 (G, HDS) is
Input: G = (N, E) - a social network;
d - the d-hop parameter;

Output : #DS - a d-hop dominating set for G;

Create Gq = (% €4 - the d-closure of G.

HDS = D;

Order vertices in N = {vi, 02, .. v)}

such that degree(v,) > degree(vy) > ... > degree(v ).

i=1;

while (|Ujs Neighbors (v)| <|N]) do

if (not (Neighbors (v) < Uj<; Neighbors (v)))

HDS = HDS U {v;};
i+t
end Alg. 3.



III. PERFORMANCE EVALUATION OF THE ALGORITHMS

A. Real and Synthetic Datasets

For our experiments, we used as initial networks both real
and synthetic network datasets using a similar approach as in
[6].

We selected seven real networks from the SNAP datasets
website [11]. A short description of these seven datasets is
shown in Table 1.

We generated our synthetic networks using two
distribution models, namely, Erdos-Renyi random graph
model [4] and the configuration model [5, 15], which
generates a scale free network [7]. These types of networks
are referred as ERNetworks and ConfNetworks thought this
section.

TABLE I
REAL NETWORKS’ CHARACTERISTICS
Name || |E| Description

ego-Facebook 4,039 88,234 Social circles from Facebook

email-Enron 36,692 183,831 Email communication network
from Enron

ca-AstroPh 18,772 198,110 Collaboratign network of Arxiv
Astro Physics

ca-CondMat 23133 93497 Collaboration network of Arxiv
Condensed Matter
Collaboration network of Arxiv

ca-GrQe 5242 144%  General Relativity
Collaboration network of Arxiv

ca-HepPh 12,008 118,521 High Energy Physics

ca-HepTh 0.877 25.998 Collaboration network of Arxiv

High Energy Physics Theory

For ERNetworks generation we chose the following
parameters. Firstly, we fixed the size of the network, ||, to
5,000, and we generated corresponding networks for 10
different average degree values (AVG = 2, 4, 6, ..., 20).
Secondly, we selected a fixed AVG value (AVG = 10) and
we varied the size of the network (]| = 1K, 2K, ..., 10K).
For each combination of || and AVG values, we generated
5 distinct networks with those parameters.

For ConfNetworks generation we chose the following
parameters. Firstly, we fixed the size of the network, ||, to
5,000, and we generated corresponding networks for 10
different power exponent values (y = 1.7, 1.8, ..., 2.6).
Secondly, we selected a fixed y value (y = 2) and we varied
the size of the network (|& | = 1K, 2K, ..., 10K). For each
combination of | | and y values, we generated 5 distinct
networks.

Using the above approach we generated a total of 190
synthetic networks (95-ERNetworks and 95-ConfNetworks).

B. Experimental Results

We implemented the three algorithms described in Section
IT as well as the synthetic graph generators using the SNAP
framework [12]. For all the experiments we used an Intel®
Xeon® E5430@2.66 GHz dual CPU machine with 4 GB
memory running on 32-bit Windows Server 2007 operating

system. For the synthetic networks, the results shown in this
section are the average results of the five synthetic datasets
generated with the same parameters.

Fig. 2 — 4 present some of the results computed for real
network datasets. From Fig 2 we notice that in all presented
cases Alg. I outperforms the other two algorithms in terms
of 2-hop dominating size. Alg. 2 and 3 have similar results
taking turns as the second best algorithm. In terms of
running time, Alg. 3 is the fastest algorithm, Alg. I is usually
the second fastest, and Alg. 3 is with one exception (for ca-
CondMath) the slowest algorithm. In Fig. 3, the d-hop
dominating set sizes are presented for selected networks
when d parameter varies. In all instances Alg. 1 determines
the smallest d-hop dominating set. In general Alg. 3 is the
second algorithm using this comparison criterion. We do
notice that the difference in dominating set sizes is greater
for d = 1, and decreases for d = 2 and 3. In terms of the
running time (Fig. 4), Alg. 3 is the clear winner. With few
exceptions, Alg. 1 is also faster than Alg. 2.

Fig. 5 and 6 show some of the results for ERNetworks. In
Fig 5 the size of the initial network is kept constant (5,000),
while in Fig. 6 the average degree is fixed at 10. The results
for the d-hop dominating sets sizes are very similar between
the two types of ERNetworks. In all cases the smallest
dominating set size is determined by Alg. 1, followed by
Alg. 2, and Alg. 3. In terms of running time, Alg. 3 is the
fastest algorithm. However, Alg. I outperforms Alg. 2 for
network size constant, while Alg. 2 performs better when the
average degree increases. Based on the fact that when the
degree increases the distance between running time of Alg. 1
and Alg. 2 increases we conclude that average degree is the
best indicator of which algorithm between Alg. I and Alg. 2
is the fastest, and Alg. 2 is faster for smaller average
degrees, while Alg. 1 is faster for larger average degrees.
Since all algorithms are applied to the d-closure network,
note that the average degree of d-closure is the determining
factor. Of course this value is influenced by the initial
average degree.

Fig. 7 and 8 show some of the results for ConfNetworks.
In Fig 7 the size of the initial network is kept constant
(5,000), while in Fig. 6 the power exponent is fixed at 2.0.
The results for the d-hop dominating sets sizes are very
similar between the two types of ERNetworks. In terms of
size, Alg. 1 is followed closely by Alg. 3, while Alg. 2 is the
clear looser. In terms of running time, Alg 3 outperforms
Alg. 2 and Alg. 1. Between the trailing algorithms, Alg. 1 is
faster.

Overall, Alg. 1 is the best algorithm in terms of
minimizing the d-hop dominating set size. Alg. 3 is usually
the second best algorithm in this category. The order in
reversed for running time, Alg. 3 having the edge over Alg.
1. With several exceptions pointed out earlier, Alg. 2
performs worse that Alg. 1 and Alg. 3 in terms of both
dominating set size and running time. In conclusion, both
Alg. 1 and Alg. 3 are good candidates for determining fast an
acceptable approximation of the minimum d-hop dominating



set. Depending of which criterion is more important (size of
the dominating set or running time) one of these algorithms
can be selected as the best choice.

IV. CONCLUSIONS

In this paper we presented three algorithms that determine
an approximation of the minimum d-hop dominating set for
a social network. We performed extensive experiments using
these three algorithms on both synthetic and real networks.
We concluded that the best choice between the three
algorithms is dependent of the network characteristics and
which criterion is more important (size of the dominating set
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or running time) for the person that wants to determine d-
hop dominating sets approximations. Regardless of these
factors, the choice is between Alg. I and 3, and in most
cases, Alg. I should be used when the size of the d-hop
dominating sets is the major factor, while Alg. 3 should be
used when the running time is the most important factor.

As part of our future work, we intend to investigate how
the proposed new algorithms can be used for more specific
d-hop dominating set problems, such as connected d-hop
dominating set, d-hop k-dominating set, and connected d-
hop k-dominating set problems [21].
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Fig. 2. The 2-hop dominating set results for real data networks. On the left the sizes of the determined 2-hop dominating sets are reported for all
three algorithms. On the right, the running time of these algorithms is shown.
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