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Abstract—Association rule mining techniques are used to
search attribute-value pairs that occur frequently together in
a data set. Ordinal association rules are a particular type of
association rules that describe orderings between attributes
that commonly occur over a data set [9]. Although ordinal
association rules are defined between any number of the
attributes, only discovery algorithms of binary ordinal
association rules (i.e., rules between two attributes) exist.

In this paper, we introduce the DOAR algorithm that
efficiently finds all ordinal association rules of interest to the
user, of any length, which hold over a data set. We present a
theoretical validation of the algorithm and experimental
results obtained by applying this algorithm on a real data
set.

I. INTRODUCTION

Association rule mining aims to find interesting
associations or correlations that exist between items in
large data sets. Association rule discovery was first
introduced in the context of market basket analysis, where
customer buying habits or patterns are to be uncovered
[2]. Since then, many research efforts in the area of
association rule mining have been made mainly in two
directions:

e To improve old algorithms or develop new ones in

order to ensure scalability with respect to data size
[10] [6].

e To extend the Boolean association rules concept to
adapt it to new applications. Han and Kamber [5]
present an extensive overview of the types of
association rules that can be discovered in data
(e.g., Boolean vs. quantitative, single vs. multi-
dimensional, single vs. multi-level, constrained-
based rules, etc.) and of their utility and discovery
methods.
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Within the second direction of research, a new kind of
association rules, ordinal association rules (a.k.a. ordinal
rules), was introduced in [9]. Given a set of records,
described by a set of attributes, the ordinal association
rules identify ordinal relationships between the attribute
values that hold for a certain percentage of the records.
There are several existing and potential applications for
ordinal association rules, such as automatic detection of
errors in data sets [8].

Although ordinal association rules are defined between
any number of attributes, discovery algorithms exist only
for binary ordinal association rules (i.e., rules between
two attributes) [9].

In this paper, we introduce an algorithm that efficiently
finds all ordinal association rules of any length (i.e.,
between multiple attributes) that hold over a data set, and
which are of interest to the user.

The paper is structured as follows. Section II presents
the formal definition of the ordinal association rules.
Section III introduces and explains the DOAR algorithm
for uncovering all the interesting ordinal rules in a data
set. Theoretical validation of the algorithm is given in
Section IV. Section V presents a case study on a real data
set that shows the algorithm’s capacity in reducing the
search space for ordinal rules. Conclusions and future
work are outlined in Section VI.

II. ORDINAL ASSOCIATION RULES

Datasets that contain several attributes with similar or
comparable domains of values are frequent in data
mining. The order relationships between record attributes
that hold for a certain percentage of records represent an
extension of association rules and they are called ordinal
association rules [9].

Definition 1. [9] Let R = {r;, r;,..., r,} be a set of
records, where each record is a set of m attributes, (a;,...,
a,). We denote by @(r;, a;) the value of attribute a; in the
record 7;. Each attribute g; takes values from a domain D,
which also contains ¢ (empty, null). The following
relations (partial orderings) are defined over domain D:
less or equal (<), equal (=), greater or equal (>), all having
the usual meaning. An ordinal association rule is an



expression of the form
(a;,a;,,....a;, )= (a; pya;, ... 14, a;,), where

{a; .a a;, }cA={a,a,...,a,},
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a;,a; ,....a together and
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each record r;in R’, then c =| R’ | /| R | is called
the confidence of the rule.

The users usually need to uncover interesting ordinal
association rules that hold in a data set; they are interested
in rules which hold between a minimum number of
records, that is rules with support at least min_s and
confidence at least min_c (min_s and min_c are user-
provided thresholds).

Definition 2. We call an ordinal association rule in R
interesting if its support s is greater than or equal to a
user-specified minimum support, min_s and its confidence
c is greater than or equal to a user-specified minimum
confidence, min_c.

We introduce a new concept, necessary for the
definition of our novel discovery algorithm.

Definition 3. The length, ¢, of an ordinal association
rule  (a;.a;,....a;, )= (a; pya;, ...uya;,) is the

number of attributes in the rule.

Previous work [9] proposed an identification process
for the binary ordinal association rules (i.e., rules having
the length 2) that have confidence greater than a given
threshold.

III. DISCOVERY OF ORDINAL ASSOCIATION RULES -
DOAR

We introduce a new algorithm, called DOAR
(Discovery of Ordinal Association Rules), to discover all
the interesting (w.r.t. the user-specified thresholds min_s
and min_c) ordinal rules of any length in a data set. Our
algorithm is inspired by the Apriori algorithm [3] for
determining Boolean association rules in a transactional
data set. Namely, rules identification is an iterative

process that consists in length-level generation of
candidate rules, followed by the verification of the
candidates for minimum support and confidence
compliance.

The DOAR algorithm performs multiple passes over
the data set R. In the first pass, it calculates the support
and confidence of the 2-length rules and determines
which of them are interesting, i.e., verify minimum
support and confidence requirement. In every subsequent
pass over the data, we start with a seed set of interesting
rules, found in the previous pass. We use this set to
generate new possible interesting rules, called candidate
rules, and we compute the actual support and confidence
of these candidates during the scan of the data. At the end
of this step, we keep the rules that are deemed interesting,
which will be used in the next iteration. The process
stops when no new interesting rules were found in the
latest iteration.

The remainder of this section explains in details and
formalizes the main steps of the algorithm, discusses the
complexity of the algorithm, and provides a usage
example.

A. The DOAR Algorithm

DOAR makes use of the following sets:

e (; is the set of k-length candidate rules; a k-length
candidate rule is a sequence of partial orderings
between £ attributes, 2 < k < m;

o [, 1is the set of the k-length interesting (i.e., support
and confidence greater than or equal with min_s
and min_c, respectively) ordinal rules found by
DOAR. It will be proved that L, is equal to the set
of all k-length interesting ordinal association rules
existing in data, 2 <k <m.

The DOAR algorithm starts by generating C,,
computing the support and confidence for each candidate
rule in C,, and determining L,. For the set M = {<, =, >
of partial ordering relations between attributes, the binary
candidate rules (C5) are generated as specified in line 1 of
the algorithm (see Fig. 1). The L, set is determined by a
scan of the data and is the starting point of the subsequent
steps in the iterative process employed by DOAR.

Every iteration consists of two phases:

e First, DOAR generates the k-length candidate rules
set, Cy (k>3), using the set of (k-I)-length
interesting rules, L; ;. The candidate generation
process is the key element of our algorithm.

e Then, a scan of the R data set is performed, while
computing the support and the confidence of every
candidate rule in C,. The candidates in Cj that
have minimum support and satisfy the confidence
requirements are interesting ordinal association



rules and therefore are included in ;.

At every iteration, candidates are generated by the
GenCandidates function (see Fig. 1). The GenCandidates
function has as argument the L, ; set of (k-7)-length
interesting rules and returns C, , a superset of the set of
the interesting k-length rules. The elements of C; are
sequences of partial orderings between £ attributes, called
candidate k-length rules. GenCandidates produces the
candidates in C; in the following manner. Each
unordered pair of rules (rule; ruley), rule;, rule; € L,
which satisfies one of the formats below, is merged into a
candidate rule ¢. To simplify the notation in these
formulas, we only write from each rule the partial

orderings sequence (i.e., the right hand side of the rule).
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We mention that a', a“,a. , a;
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attributes, ', 1, Hiseen Hi_3 €M are relations and

4" denotes the converse of the relation 1z € M .

rule, = (a' ' aj, My @, ... Mx_38;, ,) and

rule; = @, Wy, Ky &, 4° @), (1)
then ¢ =(a' u' aj, My aj, ..Mz aj, u*a*y,

or

rule; = (@, My &, ... Hk_38,_, u' a') and

Algorithm DOAR is
// Input: data set R, min_s, min_c;
// Output: the set Answer of all

k = 3;
While (Lg.; # @ and k<=m) do
Ck = GenCandidates(Ly-1);
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k =k + 1;
End;

=
o

11. Answer = ULk ;
k

12. EndDOAR.

Keep the interesting rules from C, = L,;

rule; = (a’pu® a;, Wy @, - i3 @i, ), 2
then ¢ =(a’u® & Wy @, ...y g @i , #' a'),

or

rule, = (a' i aj, My, ... Hx_38;_,) and

rule, = (@’ p1* a;,_, Wiy ..-ai, Ui* a;,), 3)
then c=(a's' a; Wy &y, ..Mz @, (4°)7 a?),
or

rulel = (ail ul aiz "‘|"lk—3 aik72 /ll al) and
ruley =@, , Hic i, My &y, u” a®), 4)

then ¢ =(a” (u*)™ aj, My @i, ...Hg_3 @, , pa'y.

The semantics of these formulas is explained in Section
Iv.

Fig. 1 shows the pseudo-code version of the DOAR
algorithm for generating all the interesting ordinal
association rules that hold over a data set R.

In Section IV we prove the completeness of the DOAR
algorithm.

B. Asymptotic Analysis

The discovery of interesting ordinal rules that hold over
a data set is, in fact, a search problem. The brute force
method (i.e., the “generate and test” method) for solving

interesting ordinal association rules that hold over R.
C, :{(ail,aiz):>(ai1 ulaiz) | iy - iy €A, ig,ip=1..m,iq <ip, U eM};

Scan R and compute the support and confidence of candidates in C,;

Scan R and compute the support and confidence of candidates in Cg;
Keep the interesting rules from C, = Ly;

Fig. 1. Algorithm for the Discovery of Arbitrary Length Ordinal Association Rules (DOAR)



this problem consists in generating and verifying for
support and confidence all possible interesting ordinal
association rules, i.e., all sequences of partial orderings
between k attributes, 2 < k <m. This set is exponential on
the number of record attributes ().

The DOAR algorithm significantly prunes the
exponential search space of all possible interesting ordinal
association rules, due to the candidate generation
technique. The candidate generation restricts the search
to those regions of the search space where is possible that
interesting rules exist. It prunes out all the regions where
is impossible to find any interesting rule. The search
space reduction depends on the data being analyzed. The
larger the number of interesting rules in the data set is, the
larger the size of the candidates sets will be. In addition,
the number of data set scans grows with the length of the
interesting rules in the data set.

In a worst case scenario, the overall time complexity of
the merge operations (i.e., rules (1)-(4), line 6 in the
algorithm) is

O(ik"Lk—l‘zj
k=3

and the overall time complexity of the candidate
verification operations (lines 7 and 8 in the algorithm) is

O(n-ﬁk~|€k|2].
k=3

C. Example

To better explain the concept of ordinal rules and the
DOAR algorithm, we give an example of applying it on a
data set sample, R, shown in TABLE 1. The data set is
artificially generated and it is composed of integer value
data elements, grouped in records.

TABLE | THE DATA SET R
a; | ax | az | a4
mo| 2431
no| 5] 6] 87
s | 9 [10] 1211
re | 12151311
s | 1] 2] 4
s | 5| 6| 8|7
| 9 |10 ] 1211
rs | 1215 13 | 16
ro | 27| 2129 24
ro | 30 | 34 [ 2938

In this example, we are interested in discovering all the
ordinal rules with min_s = 90% and min_c = 80%.
In the first step, C, is generated as follows:

C2: { 01302,01202,01202,
aj Sag, a;=das, a; > as,
a;Lag a;=ay,a;=ay,
a Sag, a,=as;, 6122 as,
a<ay, a;=ay, a, = ay,
as<agaz;=ag,az>ay }.

By scanning the data set R, only the following 2-length
candidate rules were found to be interesting (i.e.,
respecting the minimum support and confidence
condition):

Lo={a;<as a;<as a,<ay a;>ay}.

We applied the merge formulas (1)-(4) on the set of 2-
length interesting rules, L,, and we obtained the following
set, C;, of 3-length candidate rules:

03:{a22a1£a3,a1£ag£a4,
a1£a32a4,ag£a4£a3}.

From these candidate rules, only two verify the
minimum support and confidence requirement. These
two rules form the set L3, given below:

L3: {GQZLZISG3, LZ]SCZ3ZLZ4}.

There exist one 4-length candidate rule, but this
candidate is not interesting, its confidence is only 70%.
The C, and L, sets are given below.

C4={a22a1ﬁa32a4}, L4:®.

As in the last step no new interesting rules were found,
the process stops.

In this example, the search for interesting rules would
stop anyway, as it reached the maximum possible length
for a rule (i.e., the number of record attributes).

IV. THEORETICAL VALIDATION

We prove the completeness of the DOAR algorithm for
generating and verifying candidate rules — namely, no
interesting ordinal rules that exist in the data can be
missed by this process.

We also show that no redundant ordinal rules are
generated through the DOAR algorithm. We achieve this
by proving that the starting set C, does not contain
redundant ordinal rules and neither the subsequent steps
in the process will not produce such rules.

A. Construction of Cy and L,

We examine the construction of the C, set. For the set
M = {£, = 2>} of partial ordering relations between



attributes, the binary candidate rules (C5) are generated as
specified in line 1 of the algorithm (see Fig. 1).

Lemma 1. It is not necessary to consider as candidate
rules all the partial orderings between all ordered pairs of

attributes in 4, i.e., {(a;,a;,) = (a; pya;,)|a;,a; €4,
a, #a;, 1 €M}.

Proof:

YV ueM, its converse u'eM. So, if

(a;, a;,)=(a; py a;)) 1is an interesting rule, then
(a;,,a;) = (a;, py ! a; ) is also interesting. It suffices

to verify one of these two orderings for support and
confidence in order to decide if they both define
interesting rules or not; verifying both these converse
binary expressions would be redundant.

The C, candidate rules that have support and
confidence greater than their given thresholds (min_s and
min_c) are included in the L, set. By limiting the L, seed
set in this way, the algorithm will avoid generating
(verifying) converse candidates (rules), at any higher
length level.

B. Candidate Generation
To explain the procedure for candidate construction

and to prove its completeness, we introduce the concept
of binary ordinal rules graph, as defined below.

Definition 4. Given the L, set of binary interesting
ordinal rules, the binary ordinal association rules
graph, G, is an oriented graph defined as follows: G, =
(4,E), where:

e The set A4 of vertices is the set of record attributes.

e The set E of edges is E ={(a;, a)), | if there exist a

binary rule (a;, @) = (a; u @) or (a;, @) = (a; 1’
a;) € L} A xA. uis called the label of the edge
(Cli, aj),w

Theorem 1 below shows that each interesting ordinal
rule that holds over R has a corresponding path in Go.
The converse is not true: not every (elementary) path in
G, corresponds to an interesting rule.

Theorem 1. If (g, Qi ooy ) = (a py a, 1 4y

.-Mpa; ) is a k-length interesting ordinal association

11’ 12’

rule, then a  path

{(all > 7 )ﬂl (alz >y )ﬂz

(a ~a; ), }existsin G.

Proof:

If(a;.a;,a;,....a; )= (a; pya;, gy a; ... 1y a;)

is an interesting ordinal association rule over R, denoted
by r, then it satisfies the minimum support and confidence
requirement. This means that:

* 4;.4;.a a; occur fogether in at least

129 i37"'5
records in R =

also occur together in

mzn_s% of the =n
vj,j=1.k-1, a;, and 4.,

at least min_s% of the n records. Therefore, the
support of the rule (a ,a )3 (a Hja 1) is

greater or at least equal to the support of the
ordinal rule 7.

and

e if R’ <R is the set of all the records where

a; ,a; a; occur together and ¢(r,a; ) 1

ll’ 12 > a;

PR
P(r,a;,)... iy ¢(r,a; ) is true for each record r
in R’, then |R’|/|R| = min_c. In this case, if we
denote by R”cR the set of all records where a;,

)

is true for each record r in R”, then R’ R”. So,
[R”|//\R| = |R’|/|R| = min_c, Vj,j=1.k-1.

and a;,, occur together and ¢(r,q; ),uj¢(r,a,

Jj+l

It follows that, if 7 is an interesting ordinal rule over R,
then (aij i )= (a,-j u;a; ) are all interesting rules

in R, Vj, j=1..k-1, as they satisfy the minimum support
and confidence requirement. Hence, L, contains either
rule (ai/, i )= (a,-j i aim) or rule

-1 .
(a,-jﬂ,a )= (q; 1 M a,-j). So, according to the
definition of the graph G, there exist the edges
( s j+1)ﬂ ,Vj, 7=1..k-1. So, it exists in G, the path
{(ail aaiz My a(aiz >ai3 Uy ERERE)

ponds to the interesting ordinal rule 7.

(@i »a; ) _1} that corres-

Note: As an ordinal rule contains distinct attributes,
their corresponding paths in G, are elementary (the path
vertices are distinct).

In the following we enounce and prove a second
theorem, needed to explain the semantic of the formulas
(3) and (4) for joining pairs of rules to generate
candidates.

Theorem 2. If there is a path {(a; ,a “, (a;,.a; )#2 ,

s(a; sa;, )”H } in G,, then there also exists in G, the



Teverse path {(al-k N )(Hk_1 jho ..,(al-3 ,a;, )/12,1 R
(a;,,a; )ﬂl—l} .
Proof:
If there is an edge (al-j g ) w; G,, then, according
to the definition of G, there is in L; a rule (al-j o )=
-1 .
(a,-j M aij+1) or (al-j+] ,al-j): (%H M al-j). Either

way, it follows that the graph G, contains an edge
(a ai) Vj=1..k-1. So, the existence of the reverse
j

path in G, is proved.

i1

The semantics of the four join formulas is now clear on
the basis of the previous two theorems. Each of these
joins reunites two (k-/)-length paths in G, (interesting
rules in L, ;) that share a (k-2)-length sub-path — formulas
(1) and (2), or two (k-2)-length converse sub-paths —
formulas (3) and (4). We need to consider all these four
join-cases in order not to produce converse candidates
(rules) in C; (L), at any k-length level. For example, it
does not make sense to check and report as interesting
rules both a, > a; < a; and a; > a; < a,. Having such
converse candidates (rules) would imply wasteful
processing and would produce redundant equivalent rules.

Now we can prove the completeness of the candidate
rules generation procedure. We need to show that C;, o L.
Obviously, for every interesting ordinal rule

(a;,a;,,....a; )= (a; @ a;, ... 1y a; ), each of its sub

expressions of the form (a,-j,a ,a,-j+s):>

g
(al-j My e Mg a,-jﬂ) j=1, j+s<k has to also be an
interesting rule. Hence, if we extended every (k-1)-length

rule in L, (its corresponding path in G,) with a partial
ordering (an edge in G,, in such a way that the obtained

a
\
12BN 4
i
N %igy 2
al'l @ .
. .
F..% .......... 2 b)
W k-1
\
ny a

Fig. 2. Candidate rule generation by extension

path to be elementary), then we would obtain a superset,
C;, of the set L; of all the k-length interesting rules that
exist in R. It is sufficient that the extension to be
performed at the extremities of the path (rule), as depicted
in Fig. 2.

An extension by insertion, as shown in Fig. 3 (by the
means of the edges (al-j ,a), and (a,a; ), ) 1is

Lj+1
redundant. If the path obtained by this insertion represents
an interesting rule, then it would be obtained by an
extension to the end of another (k-1)-length path, for

example the path {(a;,a; ), .- (aij_ ,a), »(a, a4, Vit sees

(a; _,.a; ,), .+ in Fig. 3, which passes through the

vertices Qigs Ajyseveslips Ay i seees By

Fig. 3. Candidate rule generation by insertion

Let C,” be the set of k-length paths (not necessarily
interesting rules!), formed by the extension to the end of
all the (k-1)-length interesting rules, as described above.
Clearly, we can eliminate from C;’ the paths for which the
(k-1)-length sub-path, distinct from the rule from which
the path was obtained, is not an interesting rule. If we
perform such a pruning, then we would still remain with a
superset, Cy , of the set L;,. For example, in Fig. 2 (a),
such a pruning would be to eliminate the candidate

(a,a;,a;,,....a; )= (aua; pa, ... 15 a; ) ob-

tained from the rule (a;,a;,....a; )=
(a; mya;, ... tr a; ) if the expression
(aaail > aj, ’---’aik,z) = (aﬂail Hag ... His aik,z)

does not represent an interesting rule (i.e., is notin Lj_;).

The generation procedure we have proposed is
equivalent to: extension to the ends of all the (k-1)-length
interesting rules (paths) in L;;, followed by a pruning
step, as explained above. Hence, the rule candidate set,
C;, produced by the GenCandidates function, is a superset
of Lk, Ck o Lk .

V. EXPERIMENTAL EVALUATION

In order to establish how well DOAR prunes the search
space of all possible interesting ordinal rules, we
performed a case study on a real data set, the Breast
Cancer Data [1][4].



The data set used in this case study contains
information on the symptoms for cancer patients. In this
data set there are 457 records and each record represents a
patient. Each patient is described by nine attributes [11].
Each attribute represents a cancer related symptom and
has an integer value between 1 and 10.

We applied the DOAR algorithm on this data set, in
order to identify all the ordinal association rules, which
have the support and confidence at least 90% and 81%,
respectively. In other words, the minimum support and
confidence thresholds were min_s = 90%, min_c = 81%.

We found 20 interesting binary rules, 35 interesting 3-
length rules, and 19 interesting 4-length rules (see
TABLE 2). There are no more interesting ordinal rule of
higher length in the data set, for the minimum support and
confidence thresholds we considered.

The sizes of the sets C; and L;, obtained by running
DOAR with min_s = 90% and min_c = 81% on the data
set, are shown in TABLE 2. For comparison, TABLE 2
contains the sizes of the set of all possible k-length ordinal
rules, denoted by SS;.

TABLE 2. CARDINALITIES OF C;, Ly, AND SS;

=2 =3 k=4 =5
ICJ | 108 89 42 3
Ll | 20 35 19 0
1SS | 108 4536 | 81648 |1224720

With our approach, the exponential search space for
finding the interesting ordinal rules, is significantly
pruned, as it can be seen in TABLE 2, (see the increase in
the size of SS;). For example, for &=3, we explored only
1.96% of the space of all possible sequences of partial
orderings between 3 attributes.

VI. CONCLUSIONS AND FUTURE WORK

In this paper, we introduced a novel algorithm for the
discovery of interesting any length ordinal association
rules in data sets. We formally proved that the proposed
algorithm, named DOAR, is complete and we showed
through a case study that it efficiently explores the search
space of the possible rules.

We are working on extending and improving the
research results described in this paper towards:

e Validating the scalability of the DOAR algorithm by

conducting experiments on large real data sets.

e Defining ordinal association rules that contain
repeating attributes; adapting the proposed technique
in order to discover such interesting rules.

e Using the ordinal association rules detection
together with supervised learning for medical

diagnosis prediction.  Preliminary work in this
direction is reported in [13].

e Extending ordinal association rules towards
relational association rules, i.e., rules between
attributes with different data domains and relations
not only ordinal between attributes.

e Using ordinal association rules of arbitrary length
together with other data mining techniques such as
classification or regression to increase the accuracy
of the predictive models [7]. Binary association rules
are currently used in building predictive models in e-
banking services [12].
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